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a b s t r a c t
Let G be a molecular graph. The eccentric connectivity index ξ c(G) is defined as ξ c(G) =∑
u∈V (G) degG(u)εG(u), where degG(u) denotes the degree of vertex u and εG(u) is the largest
distance between u and any other vertex v of G. In this paper exact formulas for the
eccentric connectivity index of TUC4C8(S) nanotube and TC4C8(S) nanotorus are given.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper graph means simple connected graph. Let G be a connected graph with vertex and edge sets V (G)
and E(G), respectively. Suppose Graph denotes the class of all graphs. A map Top from Graphs into real numbers is called
a topological index, if G ∼= H implies that Top(G) = Top(H). Obviously, the maps Top1 and Top2 defined as the number of
edges and vertices, respectively, are topological indices.
For vertices u, v ∈ V (G), the edge connecting u and v is denoted by uv and the distance dG(u, v) is defined as the length
of a shortest path connecting u and v in G. The eccentricity εG(u) is the largest distance between u and any other vertex v
of G. We will omit the subscript G when the graph is clear from the context. The eccentric connectivity index of a graph G
is defined as ξ c(G) = ∑u∈V (G) deg(u)ε(u) [1]. We encourage the reader to consult papers [2–4] for some applications and
papers [5–10] for the mathematical properties of this topological index.
A mapM is a family of vertices, edges and faces such that every edge is contained in at least one and at most two faces.
An edge contained in exactly one face is called boundary edge. All such edges form the boundary ofM . A map is called closed
if it has no boundary [11].
Several operations on maps are known and used for various purposes. Stellation St , of a face is achieved by adding a new
vertex in its center followed by connecting it with each boundary vertex. It is also called a capping operation or triangulation.
When all the faces of a map are thus operated, it is referred to as an omnicapping operation. Suppose a mapM has v vertex,
e edge and f face. Then the number of vertices, edges and faces of St(M) are v + f , 3e and 2e, respectively.
Dualization Du, of a map is built as follows: locate a point in the center of each face. Join two such points if their
corresponding faces share a commonedge. The newedge is called the edge dualDu(e) and the transformedmap, the Poincare´
dual Du(M). The vertices of Du(M) represent the faces of M and vice versa. If M has v vertex, e edge and f face. Then the
number of vertices, edges and faces of Du(M) are f , e and v, respectively. The leapfrog operation Le is a composite operation
that can be written as Le(M) = Du(St(M)) [12].
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Fig. 1. Construction of TUC4C8(S) by leapfrog operation.
Fig. 2. Three-dimensional perception of a TUC4C8(S) nanotube.
Fig. 3. Three-dimensional perception of a TUC4C8(S) nanotorus (a) Side view (b) Top view.
A C4C8 net is a trivalent decoration made by alternating squares C4 and octagons C8. Such a covering can be derived from
square net by the leapfrog operation, Fig. 1. In recent years, some researchers are interested to topological indices of C4C8
nanotubes and nanotori, see [13–22] for details. They computed some distance based topological indices of these nanotubes
and nanotori. The TUC4C8(S) nanotube is a mathematically beautiful object constructed from squares and octagons, Fig. 2.
The aim of this article is to compute the eccentric connectivity index of this nanotube and a nanotorus obtained from this
nanotube by gluing its ends, Fig. 3.
The terminology we use is standard and mainly taken from the standard graph theory textbooks such as, e.g., [23].
We encourage the reader to consult [9,11,12,17,24–31] and references therein for basic properties of C4C8 nanotubes and
nanotori. Throughout this paper T = T [p, q] denotes an arbitrary TUC4C8(S) nanotube in terms of the number of octagons
in a fixed row (p) and the summation of the number of octagons and squares in a fixed column (q), in the two-dimensional
lattice of T , Fig. 4. We also denote a TC4C8(S) nanotorus, Fig. 3, by S[p, q].
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Fig. 4. Two-dimensional lattice of a TUC4C8(S)[3, 5].
Fig. 5. Vertices of different lines of T [4, 5].
2. Main results
In this section, the eccentric connectivity index of the molecular graph of an TUC4C8(S) nanotube is computed. Set
E = E(T ), V = V (T ), X is the set of vertices of degree 2 and Y is the set of vertices of degree 3. Obviously, |V | = 4p(q+ 1),
|E| = 2p(3q+ 2), |X | = 4p and |Y | = 4pq.
The minimum eccentricity among the vertices of a graph G is the radius rad(G) of G, while the maximum eccentricity
is its diameter diam(G). A vertex u with ε(u) = rad(G) is called a central vertex and the subgraph induced by the central
vertices of G is the center Cen(G) of G. If G = Cen(G), then G is called a self-centered graph.We now begin with the following
simple lemma:
Proposition 1. Suppose G = T [p, 1]. Then G is self-centered and rad(G) = diam(G) = 2p + 1. In particular, ξ c(T [p, 1]) =
20p(2p+ 1).
Proof. Suppose p is even. Consider the labeling of T [p, 1] given in Fig. 6(ii). From this figure, one can see that vi is the vertex
with longest distance from ui, 1 ≤ i ≤ 8. By rotation over 2πp , it is observed that the eccentricity ε(v) of each vertex v is
3( p2 − 1) + p2 + 4 = 2p + 1. When p is odd a similar argument together Fig. 6(i) leaded us to the same result. Therefore,
rad(G) = diam(G) = 2p+ 1 and so ξ c(T [p, 1]) = 20p(2p+ 1). 
From now on we assume that q > 1. We notice that for computing ξ c(T [p, q]), it is enough to calculate the eccentricity
of vertices of the first [ q2 ] + 1 lines of T .
Proposition 2. diam(T [p, q]) =

p+ 2q+ 1 p ≤ q+ 1
2p+ q p > q+ 1.
Proof. We partition the edges of T into three classes, horizontal edges (H), vertical edges (V ) and oblique edges (O). In
Figs. 7 and 8, two cases that p ≤ q+ 1 and p > q+ 1 are depicted.
We first assume that p ≤ q+1. In this case, the diameter is obtained from the length of a path connecting two vertices of
X . Suppose u is a vertex in the first line of T , see Fig. 5. To compute diameter of T , wemust compute the number of horizontal,
vertical and oblique edges in a shortest path start at u. From Fig. 7, one can see that every shortest path connecting u to a
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Fig. 6. The eccentric pairs of T [p, 1], when (i) p is odd; (ii) p is even.
Fig. 7. A shortest path having maximal length in T [3, 7].
Fig. 8. A shortest path having maximal length in T [7, 5].
vertex x in the end line of T needs 2q + 1 vertical and oblique edges of T . Define dh(a, b), do(a, b) and dv(a, b) to be the
number of horizontal, oblique and vertical edges, respectively, in a shortest path connecting a and b. Since p ≤ q + 1,
dh(u, v) = p and so diam(T [p, q]) = 2q+ 1+ p.
If p > q + 1 then the diameter is obtained from the length of a path connecting u to a vertex of X ∪ Y , in the last
two lines of T . Apply a similar argument as above to deduce that dh(u, v) = do(u, v) = p and dv(u, v) = q. Therefore,
diam(T [p, q]) = q+ 2p, proving the result. 
It is easy to see that the eccentricity of a vertex in T is the same as the eccentricity of its projected vertex under
the horizontal plane symmetry. So, to compute eccentricity of vertices of T , it is enough to consider one-half of its two-
dimensional lattice, say T1.
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Proposition 3. Suppose L = {v1, v2, . . . , vq+1} are vertices of different lines of T1 and K = {e1, e2, . . . , eq+1}, where ei = ε(vi),
1 ≤ i ≤ q+ 1. Then
(a) If p ≤ ⌈ q+12 ⌉ then ei = p+ 2q+ 2− i, 1 ≤ i ≤ q+ 1.
(b) If ⌈ q+12 ⌉ < p ≤ q + 1 then ei = p + 2q + 2 − i, when 1 ≤ i ≤ 2(q − p + 1) and ei+2(q−p+1) = 3p − ⌈ i2⌉, for
1 ≤ i ≤ 2p− q− 1.
(c) If p > q+ 1 then ei = 2p+ q+ 1− ⌈ i2⌉, where 1 ≤ i ≤ q+ 1.
Proof. Suppose p ≤ ⌈ q+12 ⌉ and u is a vertex in the first line of two-dimensional lattice of T . Then an eccentric vertex of u
will be in the last line of T . So, e1 = p+ 2q+ 1. For the second and third lines we have the shortest paths of length p+ 2q
and p + 2q − 1, respectively. We now omit the octagons of the first row and proceed by induction. If ⌈ q+12 ⌉ < p ≤ q + 1
then by an inductive argument the first 2(q−p+1) lines of T have different eccentricity and remaining lines have the same
eccentricity pair by pair. Finally, if p > q+ 1 then the eccentricities will be different pair by pair. 
Two successive lines with the same eccentricity is called a 2-line of T . The other lines are said to be 1-lines. Suppose α(T )
is the number of 1-lines and β(T ) is the number of 2-lines of T .
Corollary. With notation of Proposition 3, we have:
Intervals of p α(T ) β(T )
p ≤  q+12  q+ 1 0 q+1
2

< p ≤ q+ 1 2q−2p+3− 1−(−1)q2 2p−q−2+ 1−(−1)
q
2
p > q+ 1 1+(−1)q2 q+ 1− 1+(−1)
q
2
Proposition 4. The eccentric connectivity index of T [p, q] is computed as follows:
ξ c(T ) =

22pq+ 8p2 + 12p2q+ 18pq2 p ≤

q+ 1
2

28pq− 4p2 + 12p3 + 21pq2 + 8p+ 3p1− (−1)
q
2

q+ 1
2

< p ≤ q+ 1
8pq+ 16p2 + 24p2q+ 9pq2 + 3p+ 3p1− (−1)
q
2
p > q+ 1.
In the end of this paper the molecular graph of a TC4C8(S) nanotorus is considered. It is easy to see that the TC4C8[p, q]
nanotorus has exactly 4p(q+ 1) vertices and 6p(q+ 1) edges. We end this paper by the following proposition:
Proposition 5. The eccentric connectivity index of S[p, q] is computed as follows:
ξ c(S) =

12p(q+ 1)(p+ q+ 1) p ≤

q+ 1
2

4p+ q
2
+ 1− (−1)
q
4
p >

q+ 1
2

.
Proof. Since the molecular graph of S[p, q] is self-centered, from Proposition 3, we have:
ε(S) =

p+ q+ 1 p ≤

q+ 1
2

4p+ q
2
+ 1− (−1)
q
4
p >

q+ 1
2

,
proving the result. 
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